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ON THE ASYMPTOTIC PLATEAU PROBLEM IN S˜L2(R)
JESU´S CASTRO-INFANTES
Abstract. We prove some non-existence results for the asymptotic Plateau
problem of minimal and area minimizing surfaces in the homogeneous space
S˜L2(R) with isometry group of dimension 4, in terms of their asymptotic
boundary. Also we show that a properly immersed minimal surface in S˜L2(R)
contained between two bounded entire minimal graphs separated by vertical
distance less than a constant have multigraphical ends. Finally, we construct
simply connected minimal surfaces with finite total curvature which are not
graphs and a family of complete embedded minimal surfaces which are non
proper in S˜L2(R).
1. introduction
The simply connected homogeneous 3-manifolds with isometry group of dimension
4 can be classified as a family of spaces E(κ, τ). For each κ, τ ∈ R (κ−4τ2 6= 0) there
exists a Riemannian Killing submersion Π : E(κ, τ)→M(κ) with bundle curvature
τ over the simply connected complete surface M(κ) of constant curvature κ, see
[6, 12]. If τ = 0 (κ 6= 0) one obtains the Riemannian product space M(κ) × R.
If τ 6= 0 one obtains the Berger spheres (κ > 0), the Heisenberg space (κ = 0)
and S˜L2(R), the universal cover of the special linear group with some special left
invariant metrics (κ < 0).
In this paper we focus on the space S˜L2(R) where we give some new ideas showing
that some of the results about minimal surfaces in the product space H2×R can be
extended to this ambient. All the results include the case τ = 0, which corresponds
with H2 × R.
We identify topologically the space S˜L2(R) with H2×R, and we will consider the
half space model and the cylinder model for S˜L2(R), see section 2. The Riemannian
submersion into H2 reads as, Π(x, y, t) = (x, y) in these models. Considering the
product compactification for S˜L2(R), we have that the asymptotic boundary of
S˜L2(R) consists of the vertical boundary ∂∞H2 × R and the horizontal boundaries
H2 × {+∞} and H2 × {−∞}. We denote the asymptotic boundary of S˜L2(R) as
∂∞S˜L2(R). The asymptotic Plateau problem consists in: Given Γ, a finite collection
of simple closed curves in the asymptotic boundary of S˜L2(R), decide if there is an
area minimizing or a minimal surface with asymptotic boundary Γ. We will call
curve a finite collection of disjoint simple closed curves.
In the last few years the asymptotic Plateau problem has been studied in the
product space H2 × R, that is, the case τ = 0. Many of these results are based in
the notion of height of a curve, that easily extends to the case τ ∈ R:
Definition 1 (Definition 1.1 [11]). Let Γ be a collection of pairwise disjoint simple
closed curves in ∂∞S˜L2(R), and Ω = ∂∞S˜L2(R)\Γ. For each p ∈ ∂∞H2 let hΓ(p)
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be the length of the shortest connected component of ({p} × R) ∩ Ω and define
hΓ = inf
p∈∂∞H2
hΓ(p). We say that Γ is tall if hΓ(p) >
√
1 + 4τ2pi for any p ∈ ∂∞H2.
The number
√
1 + 4τ2pi is relevant since if we consider the cylinder model of
S˜L2(R) and Γ is the disjoint union of two horizontal circles in ∂∞H2 × R, then
there exist rotational catenoids with asymptotic boundary Γ if and only if hΓ <√
1 + 4τ2pi. We emphasize the following contributions when τ = 0:
• Nelli and Rosenberg proved in [18] that for any closed simply curve Γ pro-
jecting graphically into ∂∞H2, there exists a unique entire minimal vertical
graph in H2 × R with asymptotic boundary Γ.
• Sa Earp and Toubiana proved in [22] a general non existence result for
minimal surfaces in H2 × R, see Theorem 1 for τ = 0 and replacing the
estimate for the width of the slab by pi. They obtain as a consequence that
there are no minimal surfaces with asymptotic boundary a Jordan curve
homologous to zero in ∂∞H2 × R strictly contained in a slab of width pi.
• Coskunuzer proved in [5] that for a tall curve Γ, there exists an area min-
imizing surface (possibly disconnected) with asymptotic boundary Γ. He
also gave a non existence result for area minimizing surfaces when the height
of the curve is less than pi in a open arc (see Definition 1).
• Kloeckner and Mazzeo considered in [10] the problem for curves Γ with
parts in the horizontal asymptotic boundaries H2 × {±∞}, showing that
the unique parts of Γ in these horizontal asymptotic boundaries can be
geodesics. They also gave an example of a curve Γ in the asymptotic bound-
ary whose height is less than pi, for which there is a minimal surface with
asymptotic boundary Γ and there is no area minimizing surface with this
asymptotic boundary.
• Ferrer, Mart´ın, Mazzeo and Rodr´ıguez in [7] proved existence and non-
existence results for minimal annuli having two curves in the asymptotic
boundary projecting graphically onto ∂∞H2.
For the case τ 6= 0, Folha and Pen˜afiel in [8] and Klaser, Menezes and Ramos
in a recent work [11] extend some of these results to the space S˜L2(R). Folha and
Pen˜afiel proved that for any closed simply curve Γ projecting graphically into ∂∞H2,
there exists a unique entire minimal vertical graph in S˜L2(R) with asymptotic
boundary Γ. Klaser, Menezes and Ramos prove that for a tall curve Γ in S˜L2(R),
there exists an area minimizing surface (possibly disconnected) with asymptotic
boundary Γ. To this end, they use as barriers the surfaces called tall rectangles,
whose asymptotic boundary is a rectangle with height h >
√
1 + 4τ2pi, see section 3.
They also obtain a non-existence result for area minimizing surfaces when the
height of the curve is less than (
√
1 + 4τ2−4τ)pi in an open arc. This estimate is only
valid when |τ | < 1√
12
, because of the fact that the hyperbolic horizontal translation
does not preserve the t−coordinate, and they need to send the intersection of a
rotational catenoid with a horizontal slab to a neighbourhood of an ideal point in
∂∞H2 × R by a hyperbolic translation controlling the boundary components.
Here we prove a general non existence result for minimal surfaces that extends
Theorem 2.1 in [22] for the case τ 6= 0:
Theorem 1. Let Γ be a curve in ∂∞S˜L2(R) and assume that there exists a vertical
line L in ∂∞H2 × R and a subarc Γ′ ⊂ Γ such that:
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(1) Γ′ ∩ L 6= ∅ and ∂Γ′ ∩ L = ∅,
(2) Γ′ stays locally in one side of L, and
(3) Γ′ is contained in {(x, 0, t), t0 < t < t0 + 2
√
1 + 4τ2}.
Then, there is no properly immersed minimal surface in S˜L2(R) (with possibly finite
boundary) with asymptotic boundary Γ.
To this end, we can not use rotational catenoids in the argument as Sa Earp
and Toubiana did. The principal problem is that the hyperbolic translations in
the cylinder model does not preserve the t−coordinate, hence we can not send a
compact piece of a rotational catenoid to a neighbourhood of an ideal point in
∂∞H2 × R so that the two components of the boundary can be separated by a
horizontal open slab. Then, we construct a family of compact minimal annuli in
the half space model of S˜L2(R) and work in this model where hyperbolic translations
preserve the t−coordinate. Moreover we can use these surfaces to obtain a result
as in [11], which gives information for all τ ∈ R:
Theorem 2. Let Γ be a curve in ∂∞S˜L2(R), and assume that there exists an
interval I ⊂ ∂∞H2 such that hΓ(p) < 2
√
1 + 4τ2 for all p ∈ I. Then there are no
area minimizing surfaces in S˜L2(R) (with possibly finite boundary) with asymptotic
boundary Γ.
Observe that Theorem 1 and Theorem 2 are local so the hypothesis in the curve of
being disjoint and simple is necessary only in a neighbourhood. Moreover, in both
theorems the height estimate is not sharp, since we can only construct this compact
annuli when the boundary components of these annuli are separated by vertical
distance h < 2
√
1 + 4τ2. We expect that these annuli exist for all h <
√
1 + 4τ2pi,
and that would be the sharp estimate.
Another important problem in the theory of minimal surfaces is to classify such
surfaces by their topological type. Collin, Hauswirth and Rosenberg proved in [3]
that a properly immersed minimal surface in H2×R of finite topology inside a slab
of width strictly less than pi has multigraphical ends. If moreover the surface is
embedded, it has graphical ends; and if in addition it is simply connected, then it
is an entire graph. This result is known as The Slab Theorem. Later, Lima in [23]
extended this result to the case τ 6= 0 by replacing the slab region by a generalized
slab region, according to the following definition:
Definition 2 (Definition 1 [23]). We say that a region R in S˜L2(R) is a generalized
slab if the following conditions are satisfied:
(1) R is a domain bounded by two disjoint entire vertical graphs S1 and S2
with bounded height, and the tangent planes of S1 and S2 are bounded
away from the vertical, this is, there exists c > 0 such that ν2 > c, being
ν = 〈Ni, ∂t〉 the angle function and Ni the unit normal of the surface Si.
(2) There is a C1 map Ψ : R×(S1×[−1, 1]) 7→ S˜L2(R), such that, for each p ∈ R
we have that C(p) = Ψ(p,S1×[−1, 1]) is a minimal annulus containing p and
its two boundary curves lie one above R and the other below R. Moreover
any two annuli of the family {C(p) : p ∈ R} are isometric to each other.
Here we prove that the region between an entire minimal graph G1 in the cylinder
model, whose asymptotic boundary is a closed graphical curve over ∂∞H2 and its
translated copy G2 := G1 + (0, 0, 2
√
1 + 4τ2 − 1) when τ 6= 0 or G2 := G1 +
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(0, 0, pi − ) when τ = 0 and 1 and  are positive number less than 2
√
1 + 4τ2 and
pi respectively, is a generalized slab outside a compact set. Therefore, using the
Slab Theorem in [23] we prove:
Theorem 3. Let M be a properly immersed minimal surface of finite topology in
S˜L2(R) contained in the region between G1 and G2. Then, each one of the ends of
M is a multigraph. Moreover:
(1) If M is embedded, then the neighbourhood of any one of its ends is a graph
over the complement of a disk in H2.
(2) If M is embedded and has only one end, then M is an entire graph.
Related to this topic are the constructions of minimal surfaces in H2 × R in [20].
They solved the asymptotic Plateau problem for some special curves Γ composed
of vertical straight lines in ∂∞H2 × R and horizontal geodesics in H2 × {±∞}.
These examples are interesting since they are non-flat complete simply connected
with finite total curvature, and they are not graphs. In section 7.1 we construct
the analogous examples in S˜L2(R) which have also finite total curvature due to
Theorem 8 in [9]. Recently, Collin Hauswirth and Nguyen in [4] have constructed
minimal annuli with finite total curvature via variational methods. It would be
interesting to obtain examples with higher topology similar to the minimal k-noids
in [17], or with positive genus as in [1, 13].
Similar techniques as in [20] are used in [21] to construct complete embedded
minimal surfaces in H2 × R which are non proper. These surfaces are interested
in relation to the Calabi-Yau conjecture for embedded minimal surfaces. This
conjecture says that any complete embedded minimal surface in R3 is necessarily
proper. Colding and Minikozzi in [2] showed that any complete minimal surface
embedded in R3 with finite topology is proper. Meeks, Pe´rez and Ros proved in
[15] that any complete minimal surface embedded in R3 with an infinite number of
ends and finite genus is proper if and only if it has at most two simple limit ends if
and only if it has a countable number of limits ends. The examples constructed by
Rodr´ıguez and Tinaglia in [21] show that the conjecture does not hold in H2 × R.
We construct the analogous examples in section 7.2 showing that the conjecture
does not hold in S˜L2(R) as it was expected.
The paper is organized as follows: In section 2 we recall the isometries of S˜L2(R).
In section 3 we describe some invariant minimal surfaces obtained as vertical graphs
in the half space model of S˜L2(R). In section 4 we construct a family of compact
minimal annuli which will be used to prove Theorem 1 and Theorem 2 in section 5.
Section 6 is devoted to prove Theorem 3. Finally, in section 7 we extend the
constructions of minimal surfaces of [20] and [21] to the space S˜L2(R).
Acknowledgements. The author would like to thank Magdalena Rodr´ıguez,
Jose´ Miguel Manzano and Ana Menezes for very useful discussions and suggestions
on this topic. This research is supported by Spanish MINECO–FEDER research
project MTM2017-89677-P and by an FPU grant from the Spanish Ministry of
Science and Innovation.
2. The space S˜L2(R)
In this section we describe the isometries in the space S˜L2(R). In the sequel, we
choose a complex parameter z = x + iy. We are going to consider the half space
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model and the cylinder model for the space S˜L2(R) with κ = −1.
S˜L2(R) ≡ H2 × R = {(x, y, t) ∈ R3 : λ(x, y) > 0},
endowed with metric gλ = λ
2(dx2 + dy2) +
(
2τ(
λy
λ dx− λxλ dy) + dt
)2
.
(1) If λ(x, y) = 1y , we have the half space model, where we identify the asymp-
totic boundary of H2 with {y = 0} ∪ {∞} ≡ R ∪ {∞}.
(2) If λ(x, y) = 21−x2−y2 , we have the cylinder model, where we identify the
asymptotic boundary of H2 with S1.
Proposition 1. The maps φ : (H2 × R, g 1
y
)→ (H2 × R, g 2
1−x2−y2
) and
ψ : (H2 × R, g 2
1−x2−y2
)→ (H2 × R, g 1
y
) given by:
φ(z, t) =
(
z − i
z + i
, t− 4τ arctan
(
x
y + 1
))
(2.1)
and
ψ(z, t) =
(
i+ iz
1− z , t− 4τ arctan
(
y
1− x
))
, (2.2)
are isometries between the half space model and the cylinder model of S˜L2(R).
Note that these isometries extend to the asymptotic boundary. We show in Fig-
ure 1 how horizontal lines in the asymptotic boundary of S˜L2(R) in the half space
model are transformed by the isometry φ, and also how circles in the asymptotic
boundary of S˜L2(R) in the cylinder model transform by the isometry ψ.
Let f : H2 → H2, f(z) = az+bcz+d with ad − bc = 1, a, b, c, d ∈ R, be a positive
isometry of H2 in the half space model. Then, f can be lifted to an isometry f¯ of
S˜L2(R):
f¯(z, t) = (f(z), t− 2τargf ′(x)) (2.3)
satisfying f ◦ pi = pi ◦ f¯ . It is unique up to vertical translations. See for instance
Proposition 2.1 in [19] and [24]. Here, we give explicit expressions for the isometries
in terms of the parameters a, b, c, d ∈ R.
(1) If c = 0 (ad = 1), we have the isometries which fix ∞, and then the lifted
isometry in S˜L2(R) is given by the map:
f¯(z, t) =
(
az + b
d
, t+ t0
)
,
for some t0 ∈ R. Up to a vertical translation we can choose t0 = 0. This
isometry extends to the asymptotic boundary as:
f¯(x, 0, t) =
(
ax+ b
d
, 0, t
)
.
(2) If c 6= 0, we have the isometries sending the ideal point z = −dc to∞, given
by:
f¯(x, y, t) =
(
(d+ cx)(−1 + a(d+ cx)) + ac2y2
c(d+ cx)2 + c3y2
,
y
(d+ cx)2 + c2y2
, t− 4τ arctan
(
cx+ d
cy
)
+ t0
)
(2.4)
6 JESU´S CASTRO-INFANTES
Figure 1. On the top, the image by φ of a horizontal straight line
in the asymptotic boundary of the half space model of S˜L2(R). On
the bottom, the image by ψ of a circle in the asymptotic boundary
of the cylinder model of S˜L2(R).
Choosing t0 = 0, they extend to the asymptotic boundary as
f¯(x, 0, t) =
{
(ax+bcx+d , 0, t+ 2τpi) x <
−d
c ,
(ax+bcx+d , 0, t− 2τpi) x > −dc .
Note that the extended f¯ is not a continuous function, as it has a jump discontinuity
at the ideal point x0 =
a
c . Figure 2 shows the image of a horizontal minimal plane
by an isometry which sends the ideal point (0, 0) to ∞. It can be parametrized as
the entire vertical graph of the function (x, y) 7→ (4τ arctan(xy )). The asymptotic
boundary here consists of two horizontal half straight lines along with a vertical
segment of length 4τpi.
We also describe some isometries of S˜L2(R) that can be expressed in a simply
way:
(1) Vertical translation: (x, y, t) 7→ (x, y, t+ t0).
(2) Hyperbolic translation: In the half space model hyperbolic translations
along the horizontal geodesic {x = c} is given by the map (x, y, t) 7→ (λ(x− c), λy, t),
λ > 0.
(3) Parabolic translation: In the half space model parabolic translations along
the horocycles {y = c2} are given by the map (x, y, t) 7→ (x+a, y, t), a ∈ R.
(4) Rotations: In the cylinder model rotations respect to the t-axis are Eu-
clidean rotations with respect to t-axis.
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Figure 2. The image of a horizontal plane by the isometry with
parameters a = 0, b = −1, c = 1, d = 1, in the half space model
of S˜L2(R).
Consider a horizontal minimal plane in the cylinder model of S˜L2(R), observe that
the image by the isometry ψ of this surface is not a horizontal minimal plane in the
half space model when τ 6= 0. However, we can see the horizontal minimal plane in
the half space model as limit of the horizontal minimal plane in the cylinder model
in the following way:
Proposition 2. The horizontal minimal planes in the half space model are the
limit surface of horizontal minimal planes in the cylinder model, by a hyperbolic
translation.
Proof. Consider the horizontal minimal plane {t = 0} in the cylinder model parametrized
as: X(x, y) = (−1+x
2+y2
x2+(1+y)2 ,
−2x
x2+(1+y)2 , 0), x ∈ R and y > 0. The image by the isom-
etry (2.2) is the surface: ψ ◦ X(x, y) = (x, y, 4τ arctan( xy+1 )). The hyperbolic
translation (x, y, t) 7→ (λx, λy, t) applied to ψ ◦X gives the surface reparametrized
by Yλ(x, y) = (x, y, 4τ arctan(
x
y+λ )), x ∈ R, y > 0. Then the limits of Yλ when
λ→ 0 and λ→ +∞ are respectively: Y0(x, y) = (x, y, 4τ arctan(xy )) and Y∞(x, y) =
(x, y, 0). Y0 is the image by the isometry which sends (0, 0) to ∞ of a horizontal
minimal plane, see Figure 2, and Y∞ is a horizontal minimal plane. 
3. Invariant minimal surfaces
In this section we are going to describe some invariant minimal surfaces giving ex-
plicit expressions as vertical graphs or union of graphs of functions u : Ω ⊂ H2 → R
in the half space model. These surfaces have been also described in [8] and [19].
The equation for a minimal vertical graph of a function u : Ω ⊂ H2 → R is:
yu3y−(1+4τ2+yux(−4τ+yux))uyy+uy(−2τ+yux)(ux+2yuxy)−uxx−y2u2yuxx = 0.
(3.1)
We can solve this equation in some particular cases, obtaining symmetric minimal
surfaces. In all the cases we choose the additive constant of the vertical translation
as 0.
(1) If u(x, y) = u(y) then we can solve the Equation 3.1 obtaining a 1-parameter
family of complete minimal bigraphs, obtained as the union of the two
solutions u±d (x, y) = ±
√
1 + 4τ2 arcsin(dy), as shown in Figure 3. The
asymptotic boundary of these surfaces consists of two horizontal lines at
distance
√
1 + 4τ2pi from each other. The parameter d is a hyperbolic
translation of the surface. The limit surface when d→ +∞ consists of two
8 JESU´S CASTRO-INFANTES
horizontal planes. And the limit when d→ 0 is the open subset of the ideal
boundary given by {(x, 0, t), x ∈ R, 0 < t < √1 + 4τ2pi}.
Figure 3. The surface u±d with d = 1 and τ = 1/2 in the half
space model (left) and the cylinder model (right).
(2) If u(x, y) = u(y) + lx for some l ∈ R, Equation (3.1) reduces to:
yu′(y)3 − (1 + (ly − 2τ)2)u′′(y) + l(ly − 2τ)u′(y) = 0. (3.2)
We can solve this equation obtaining a 2-parameter family of complete
minimal surfaces v±dl(x, y) = v
±
d (y) + lx where
v±d (y) = ±
∫ y
0
√
1 + (lt− 2τ)2√
d2 − t2 dt, 0 < y < d.
The surface is obtained as the union of the two solutions, see Figure 4. Up
to vertical translations, the asymptotic boundary of this surfaces consists
of the two lines of equation t = lx and t = lx + 2v+d (d) lying in the plane
y = 0. We have the following estimates for v+d (d):
v+d (d) =
∫ d
0
√
1 + (lt− 2τ)2√
d2 − t2 dt ≥
∫ d
0
1√
d2 − t2 dt =
pi
2
.
We have additional information in the following cases:
(a) If lτ ≤ 0, then
∫ d
0
√
1 + (lt− 2τ)2√
d2 − t2 dt ≥
∫ d
0
√
1 + (2τ)2√
d2 − t2 dt =
√
1 + 4τ2pi
2
.
(b) If 0 < lτ < 4τ
2
d then as 0 < t < d we have that lτ <
4τ2
d <
4τ2
t , whence
l2t2 − 4ltτ < 0 and consequently (lt− 2τ)2 < +4τ2. This gives:∫ d
0
√
1 + (lt− 2τ)2√
d2 − t2 dt ≤
∫ d
0
√
1 + 4τ2√
d2 − t2 dt =
√
1 + 4τ2pi
2
.
Fix l ∈ R, then the limit surface when d→ 0 is the region of the asymptotic
boundary {(x, 0, t) : x < t < lx + d0} with d0 ≥
√
1 + 4τ2pi if lτ ≤ 0 and
d0 ≥ pi if lτ > 0. Note that we have opposite inequalities depending on the
sign of τ , this can be understand by considering the isometry between the
half space models of E(−1, τ) and E(−1,−τ) given by the map (x, y, t) 7→
(x, y,−t).
Remark 1. Item (b) shows that there exist examples of minimal surfaces
such that the height of the asymptotic curve is less than
√
1 + 4τ2pi at every
point. Theorem 2 shows that when the height is less than 2
√
1 + 4τ2 these
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examples are not area minimizing, and we expect that all these examples
are not area minimizing. Also these surfaces are contained between two
entire minimal unbounded graphs in the half space model separated by
distance less than
√
1 + 4τ2pi. This shows that the hypothesis of being
bounded graph in the Theorem 3 is necessary.
Figure 4. The surface v±dl with d = 1, l = 1 and τ = 1/2 in the
half space model (left) and in the cylinder model (right).
(3) If u(x, y) = u(s) := u(xy ) then the Equation (3.1) reduces to:
2s(1 + 4τ2)u′(s)− 6sτu′(s)2 + (s3 + s)u′(s)3 + (1 + s2(1 + 4τ2))u′′(s) = 0. (3.3)
The solutions of Equation 3.3 are given by:
u±c (s) = 2τ arctan(s)±
∫ s
c0
√
1 + (1 + 4τ2)t2
(t2 + 1)
√
c(t2 + 1)− 1dt, s ∈ I(c),
where I(c) is an interval that depend on c. We have three cases:
• If c > 1, then I(c) = R and we have entire graphs whose asymptotic
boundary consists of two straight lines joining by a vertical segment
contained in {(0, 0)} × R. Observe that, when c = 1+4τ24τ2 we ob-
tain, up to vertical translations, the solutions u−c (s) = 0 and u
+
c (s) =
4τ arctan(s), i.e. a horizontal minimal plane and its image by the
isometry which sends the point (0, 0) to ∞ respectively, see Figure 2.
• If c = 1, then we have the two solutions:
u±c (s) = 2τ arctan(s)±
∫ s
1
√
1 + (1 + 4τ2)t2
(t2 + 1)t
dt s > 0.
The asymptotic boundary of the surface u+c (up to vertical transla-
tion) consists of the line {(x, 0, 0) : x > 0} and the vertical line
{(0, 0, t) : t < 0} in the vertical asymptotic boundary ∂∞H2 ×R, and
the horizontal geodesic {(0, y,−∞) : y > 0} in the horizontal asymp-
totic boundary H2×{−∞}, see Figure 5. The asymptotic boundary of
the surface u−c is analogous, with the horizontal geodesic {(0, y,+∞) :
y > 0} in the horizontal asymptotic boundary H2 × {+∞}.
• If 0 < c < 1, then I(c) = (
√
1−c
c ,+∞) and the solution is given by:
u±c (s) = 2τ arctan(s)±
∫ s
√
1−c
c
√
1 + (1 + 4τ2)t2
(t2 + 1)
√
c(t2 + 1)− 1dt,
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Figure 5. The surface for τ = 12 and c = 1 in the half space model
(left) and in the cylinder model (right).
where s >
√
1−c
c . We have that (u
±
c )
′(
√
1−c
c ) = ±∞, and we can
complete the surface as the union of the two solutions, see Figure 6.
The asymptotic boundary, up to vertical translations, are the lines
{(x, 0, u±c (+∞)) : x > 0} and the vertical segment {(0, 0, t) : u−c (+∞) <
t < u+c (+∞)}. Observe that, the asymptotic boundary of these sur-
faces can be sent by an appropriate isometry to a rectangle. This sur-
faces are known in the literature as tall rectangles, since their asymp-
totic boundaries are rectangles of height h >
√
1 + 4τ2pi, see [8, 23].
Figure 6. The tall rectangle for τ = 12 and c =
1
2 and an isometry
copy with asymptotic boundary a rectangle in the half space model
(left) and the tall rectangle in the cylinder model (right).
(4) If u(x, y) = h
(
(y − 1)2 + x2
x2 + (y + 1)2
)
+ 4τ arctan
(
x
y+1
)
. Call r =
(y − 1)2 + x2
x2 + (y + 1)2
,
then Equation (3.1) reduces to:
(1 + 2τ2r)h′(r) +
1
2
(r − 3)(r − 1)rh′(r)3 + (1 + 4τ2r)rh′′(r) = 0. (3.4)
The solutions of this equation are given by
h±c (r) = ±
∫ r
r0(c)
√
1 + 4tτ2√
t(−3 + t2 + ct− 4t log(t))dt, r ∈ (r0(c), 1),
where r0(c) is the unique real solution of −3+t2 +ct−4t log(t) = 0 in (0, 1).
Note that, (h±c )
′(r0(c)) = ±∞, so we can complete the surface as the union
of the two solutions. These surfaces are known in the literature as catenoids,
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see [19]. Note that here the asymptotic boundary of these surfaces consists
of the curves {x, 0, 4τ arctan(x) + h+(1)} and {x, 0, 4τ arctan(x)− h+(1)},
where h+(1) <
√
1 + 4τ2 pi2 .
Figure 7. The catenoid for τ = 1/2 and c = 10 in the half space
model (left) and the catenoid centered in the origin and a hyper-
bolic translated copy of it (right).
4. Minimal annuli
In this section we are going to use Douglas criterium in order to prove that there
exist minimal annuli with boundary two circles in parallel planes {t = 0} and
{t = h} centered at (0, 1, 0) and (0, 1, h) with hyperbolic radius large enough in the
half space model of S˜L2(R) when h is small enough. We also give a non existence
results for these annuli when h >
√
1 + 4τ2pi. We observe that these annuli are not
going to be the intersection between a rotational catenoid and a slab of height h.
Proposition 3. If h < 2
√
1 + 4τ2, then there exists a compact area-minimizing
(minimal) annulus with boundary two circles in parallel horizontal minimal planes,
with radius large enough, separated by vertical height h in the half space model of
S˜L2(R).
Proof. Let γ1 ⊂ {t = 0} the circle centered at (0, 1, 0) with hyperbolic radius ρ and
let γ2 be its translated copy at height {t = h}. The disk D ⊂ {t = 0} bounded by
γ1 is the unique minimal surface with boundary γ1 due to the maximum principle,
and similarly for γ2. Then by Douglas criterium there exists an area-minimizing
annulus if there exits an annulus A with boundary γ1 ∪ γ2 such that:
2Area(D) > Area(A). (4.1)
We consider as A the vertical cylinder with boundary γ1∪γ2. The circle of H2 with
hyperbolic radius ρ centered at the point (0, 1) in the half space model is given by
the equation x2 + y2 + 1 = 2y cosh(ρ), therefore a parametrization for D is given
by X(x, y) = (x, y, 0), where x2 + y2 + 1 < 2y cosh(ρ). Denote by gˆ the induced
metric by X. The entries of gˆ in coordinates (x, y) are given by gˆ11 =
1+4τ2
y2 , gˆ12 = 0
and gˆ22 =
1
y2 . Then:
Area(D) =
∫√
det gˆdxdy =
∫ cosh(ρ)+sinh(ρ)
cosh(ρ)−sinh(ρ)
∫ √2 cosh(ρ)y−y2−1
−
√
2 cosh(ρ)y−y2−1
√
1 + 4τ2
y2
dxdy
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= 2
√
1 + 4τ2pi(cosh(ρ)− 1).
Half of the cylinderA can be parametrized as Y (y, t) = (
√
2 cosh(ρ)y − y2 − 1, y, t)
with cosh(ρ)− sinh(ρ) < y < cosh(ρ) + sinh(ρ), and 0 < t < h. We denote by g˜ the
induced metric by Y . In this case we have that:
g˜11 =
1− (1+4τ2)(y−cosh(p))21+y2−2 cosh(p)y
y2
, g˜12 =
2τ(cosh(p)− y)
y
√
2 cosh(p)y − y2 − 1 and g˜22 = 1.
Then, the area of A is given by:
Area(A) = 2
∫ h
0
∫ cosh(ρ)+sinh(ρ)
cosh(ρ)−sinh(ρ)
√
det g˜ dydt
= 2
∫ h
0
∫ cosh(ρ)+sinh(ρ)
cosh(ρ)−sinh(ρ)
sinh(ρ)
y
√
2 cosh(ρ)y − y2 − 1 dydt = 2pi sinh(ρ)h.
We have that condition (4.1) reads as:
2
√
1 + 4τ2(cosh(ρ)− 1) > sinh(ρ)h
and this is true for h < 2
√
1 + 4τ2 and ρ large enough. 
We expect that these annuli exist for a vertical distance h <
√
1 + 4τ2pi and ρ
large enough. Using the surfaces u±d , we can prove that these annuli do not exit for
h ≥ √1 + 4τ2pi.
Proposition 4. Let γ1 and γ2 two closed curves in S˜L2(R) in the half space model
and assume that the region {(x, y, t), h0 < t < h0 +
√
1 + 4τ2pi}, for some t0 ∈ R
separates both curves. Then there are no compact minimal surfaces with (finite)
boundary γ1 and γ2.
Proof. Assume by contradiction that there exists one such surface A. Then, con-
sider the family of surfaces u±d for d > 0, with asymptotic boundary the two hori-
zontal lines {(x, 0, h0) : x ∈ R} and {(x, 0, h0 +
√
1 + 4τ2pi) : x ∈ R} in ∂∞S˜L2(R).
Note that these surfaces can not intersect the boundary of A. Then for d small
enough the surface does not intersect A. On the other hand, for d large enough the
surface u±d intersects the annulus A. Then, by continuity, there exists d0 > 0 such
that the surface u±d0 and the surface A are tangent at an interior point of A and
u±d0 stays in the outer region to A, a contradiction to the maximum principle. 
5. Asymptotic theorems
Using the minimal annuli constructed in the previous section and considering the
half space model for S˜L2(R), where hyperbolic translations keep the t−coordinate
fixed, we can extend the ideas of Theorem 2.1 in [22] in order to prove an analogous
result in S˜L2(R).
Proof of Theorem 1. Let p be a point in Γ′ ∩ L and assume that p 6= ∞ (if there
is a segment in Γ′ ∩ L, we choose p as the middle point of this segment). Let β be
the projection of Γ′ in {t = 0}. Up to a vertical translation, we can assume that
p = (p0, 0, 0). Consider two points q1 = (p0 − , 0, 0) and q2 = (p0 + , 0, 0), and
assume that q1 ∈ β and q2 /∈ β , see Figure 8. Let c be the horizontal geodesic
joining q1 and q2, and let S = c× R be the minimal vertical plane. Let D be the
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region of (H2×R)\S that contains p in its asymptotic boundary. Let β0 ⊂ β be the
segment in the asymptotic boundary joining q1 with p. Let c1 be a geodesic joining
two interior points of the open segment with endpoints p and q2 in the asymptotic
boundary, and let D1 be the region of (H2 × R)\(c1 × R) that does not contain p
in its asymptotic boundary.
Assume by contradiction that there exists M , a minimal surface with asymptotic
boundary Γ. Let M0 ⊂ M be the component of M\S which contains p in its
asymptotic boundary. The asymptotic boundary of M0 consists of a curve Γ0 ⊂ Γ′.
For  small enough we can ensure that:
(1) The asymptotic boundary Γ0 is contained in the region {(x, 0, t) : a < t < b},
with −√1 + 4τ2 < a < b < √1 + 4τ2, and M0 is strictly contained in the
region {(x, 0, t) : a ≤ t ≤ b}.
(2) The finite boundary of M0 is contained in S.
(3) The surface M0 does not intersect the region D1.
Figure 8. A plot of the proof.
Then using Proposition 3 we consider a minimal compact annulus, A, with bound-
ary two parallel circles of radius ρ large enough at height T1 and T2, respectively,
such that −√1 + 4τ2 < T1 < a and
√
1 + 4τ2 > T2 > b. We can send this an-
nulus to the region D1 by the hyperbolic translation along the horizontal geodesic
of H2 {x = k1}, where (k1, 0) is an interior point in the asymptotic boundary
of the projection onto {t = 0} of the region D1. Note that this isometry pre-
serves the t-coordinate, and the boundary of the annulus lies outside the region
{(x, 0, t) : a < t < b}. Now, consider a horizontal geodesic of H2 {x = k2} for
k2 ∈ (p0 − , p0), and consider the hyperbolic translation along it, this is, an Eu-
clidean homothety with center (k2, 0) in this model. Then we can translate the
annulus A along this geodesic toward (k2, 0). Observe that the translated copies
of the annulus are contained in the translated copies of D1 which are contained in
D. Then, we have that the translated annuli do not intersect the boundary of M0,
and also their boundaries do not intersect the surface M0. Then, we would achieve
a first interior contact point, which contradicts the maximum principle. 
Remark 2. Note that Theorem 1 is local, so it does not depend on the model. If
we consider the cylinder model for S˜L2(R) and Γ is a curve in ∂∞S˜L2(R) as in
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Theorem 1, then we can consider the image of this curve by the extended isometry
ψ : (H2 × R, g 2
1−x2−y2
) → (H2 × R, g 1
y
) given in Proposition 1. We know that if
the straight line L is contained in Γ′ then the same happens for ψ(Γ′), and if Γ′ is
in one side of L then the same happens for ψ(Γ′). Considering a subarc Γ′′ ⊂ Γ′
such that the Euclidean length of Γ′′\L is small enough we can ensure that ψ(Γ′′)
is contained in {(x, 0, t), t0 < t < t0 + 2
√
1 + 4τ2}.
We deduce the next corollaries:
Corollary 1. Let Γ1 : ∂∞H2 → ∂∞H2 × R be a complete curve parametrized by a
complete graph Γ1(θ) = (θ, t(θ)). Consider the translated copy Γ2(θ) = (θ, t(θ) +
2
√
1 + 4τ2). Then:
(1) There is no properly immersed minimal surface with asymptotic boundary
Γ ⊂ ∂∞S˜L2(R) , being Γ a Jordan curve homologous to zero, strictly con-
tained between Γ1 and Γ2.
(2) There is no properly immersed minimal surface with asymptotic boundary
Γ ⊂ ∂∞S˜L2(R), being Γ a closed curve strictly contained between Γ1 and
Γ2 whose projection omits an open arc in {y = 0}.
Remark 3. This corollary is independent of the model. If we have a curve in
this situation in the cylinder model then its image by the isometry ψ given in
Proposition 1 is in the assumptions of Corollary 1 in the half space model. Also
note that the curve Γ2 can be replaced by another graphical curve such that the
vertical height is smaller than 2
√
1 + 4τ2 point-wise. We state a particular case
when the curve Γ1 and Γ2 are horizontal circles in the cylinder model:
Corollary 2. There is no properly immersed minimal surface in S˜L2(R) with as-
ymptotic boundary a Jordan curve Γ ⊂ ∂∞S˜L2(R) homologous to zero, strictly con-
tained between two horizontal circles in ∂∞S˜L2(R) at distance less than 2
√
1 + 4τ2
in the cylinder model.
We can also use the surfaces u±d and v
±
dl in order to prove the following results
for complete properly immersed minimal surfaces in the half space model for the
sharp estimate
√
1 + 4τ2pi.
Theorem 4. Let Γ ⊂ ∂∞S˜L2(R) be a Jordan curve homologous to zero strictly
contained in a slab between two horizontal lines of the vertical asymptotic boundary
of S˜L2(R) in the half space model with width
√
1 + 4τ2pi. Then there is no complete
properly immersed minimal surfaces M in S˜L2(R) with asymptotic boundary Γ.
Proof. Assume by contradiction that there exists such surface M . Up to a vertical
translation we can assume that Γ ⊂ ∂∞H2×(T1, T2) with 0 < T1 < T2 <
√
1 + 4τ2pi.
Consider the family of surfaces u±d . For d large enough we have that u
±
d ∩M = ∅.
On the other hand, it is clear that for d small enough u±d ∩ M 6= ∅. Then by
continuity there must exist d0 such that u
±
d0
and M are tangent in a interior point
and u±d stays locally at one side of M . Therefore by the maximum principle both
surfaces must coincide, which is a contradiction. 
Theorem 5. Let Γ ⊂ ∂∞S˜L2(R) be a Jordan curve homologous to zero strictly
contained in a tilted slab between two tilted lines {(x, 0, lx)}, {(x, 0, lx+h0)}, h0 > 0
of ∂∞S˜L2(R) in the half space model. Then:
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(1) If lτ < 0 and h0 <
√
1 + 4τ2pi there is no complete properly immersed
minimal surface M in S˜L2(R) with asymptotic boundary Γ.
(2) If lτ > 0 and h0 < pi there is no complete properly immersed minimal
surface M in S˜L2(R) with asymptotic boundary Γ.
Proof. The reasoning is similar to the proof of Theorem 4 using the maximum
principle with respect to the family of surfaces v±dl instead of the family u
±
d . 
5.1. Area minimizing surfaces.
Proof of Theorem 2. First, note that as in Remark 2 this theorem is local so it does
not depend on the model. Then, assume by contradiction that there exists such
surface M in the half space model.
We use similar notation as in the proof of Theorem 1. Consider a subinterval
I ′ ⊂ I ⊂ ∂∞H2, assume that I ′ = (−, ) for  > 0. Let c be the geodesic joining
the ideal points of ∂∞H2 (−, 0) and (, 0), let S = c × R be the vertical minimal
plane, let D be the region of (H2 × R)\S that contain (0, 0, 0) in its asymptotic
boundary. Let V a neighbourhood of the ideal point (0, 0, 0) contained in D such
as M ∩ V = ∅. Let M0 be the components of M\S with asymptotic boundary
contained, up to vertical translation, in the region {(x, t) : − < x < , a < t < b}
with −√1 + 4τ2 < T1 < a < b < T2 <
√
1 + 4τ2. For  small enough we have that
the finite boundary of M0 is contained in S.
Consider the area minimizing annulus A with asymptotic boundary two circles at
heights T1 and T2 given by Proposition 3. Now, translate the annulus A toward
the ideal point (0, 0) by the hyperbolic translation along the geodesic {x = 0} of
H2, which keeps the t-coordinate fixed. We translate far enough such that the
projection of the annulus onto H2 is contained in the projection of V onto H2. Let
A0 be such translated annulus, which in particular intersect V . Since the finite
boundary of A0 is separated by the region {a < t < b} and the finite boundary of
M0 is contained in S, then the intersection of A0 with M0 are at least two compact
smooth curves γ1 and γ2, one above V and the other bellow. Then we can construct
a non smooth area minimizing surfaces by a replacement argument gluing part of
the surface M0 with the corresponding part on the annulus A0 along the curves γ1
and γ2, which is a contradiction.

6. The Slab Theorem
This section is devoted to prove Theorem 3. Recall that G1 is an entire minimal
graph in the cylinder model, whose asymptotic boundary is a closed graphical curve
over ∂∞H2 and we call G2 its translated copy G1 + (0, 0, 2
√
1 + 4τ2 − 1), being 1
a small positive number. The aim is to show that the region between the two entire
graphs G1 and G2 is a generalized slab region, see definition 2, and then apply the
Slab Theorem in [23].
We are going to work in the cylinder model, so we identify H2 ≡ D, and ∂∞H2 ≡
S1. For two points θ1, θ2 ∈ ∂∞H2 we refer by (θ1, θ2) ⊂ ∂∞H2 the arc of ∂∞H2
joining θ1 with θ2 in an anticlockwise direction.
Lemma 1. Let θ1 and θ2 be two points in ∂∞H2. Let γ be the geodesic joining
θ1 and θ2, and let D be the region of H2\γ that contains the arc (θ1, θ2) at its
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asymptotic boundary. Then there is a minimal compact annulus A contained in
the region D × R such that the slab region {a < t < b}, with b − a < 2√1 + 4τ2,
separates its boundary curves.
Proof. Consider the minimal compact annulus in the half space model with bound-
ary two circles centered in the points (0, 1, 0) and (0, 1, h) with b − a < h <
2
√
1 + 4τ2 constructed in Proposition 3. Consider the hyperbolic translated copies
of the minimal disks with boundaries these circles, parametrized, up to vertical
translations as: Xλ = (λx, λy, 0) and Yλ = (λx, λy, h) for x, y ∈ D((0, 1), ρ). Then
consider the image by the isometry φ in Proposition 1, obtaining:
φ ◦Xλ =
(
1− 2(1 + λy)
1 + 2λy + λ2(x2 + y2)
,
−2λx
λ2x2 + (1 + λy)2
,−4τ arctan
(
λx
1 + λy
))
,
φ◦Yλ =
(
1− 2(1 + λy)
1 + 2λy + λ2(x2 + y2)
,
−2λx
λ2x2 + (1 + λy)2
,−4τ arctan
(
λx
1 + λy
)
+ h
)
.
Then for all  > 0 we can choose λ > 0 small enough such that the projection onto
H2 of the annulus is contained in a small neighbourhood of the ideal point (−1, 0),
and the images of the two disks by the isometry φ are contained in the region
{− < t < h + }. Therefore, we can send this annulus to the region D by means
of rotations with center the origin and we conclude by a vertical translation. 
Proof of Theorem 3. We identify the asymptotic boundary of H2 with S1. The
asymptotic boundary of the graphs G1 and G2 are curves obtained as the graph of
the continuous functions g1, g2 : S1 → R. We call E a neighbourhood of an end of
M , that we know is annular.
Claim 1. For all 0 < 1 <

4 there exist finitely many regions Di ⊂ H2 and points
θi ∈ ∂∞Di cyclically ordered, such that:
(1) Di ∩Di+1 6= ∅,
(2) |gj(θi)− gj(θ)| < 1, for all θ ∈ ∂∞Di, j = 1, 2,
(3) E ∩ (Di × R) ⊂ Di × (g1(θi)− 21, g2(θi) + 21),
(4)
⋃
i ∂∞Di = ∂∞H2 and
(5) ∂E ⊂ H2 − (⋃iDi × R).
Consider θ1 a point in ∂∞H2. There exists δ1 > 0 small enough such that if γ1 is
the geodesic joining the points θ1 − δ1, θ1 + δ1, and D1 is the region of H2\γ1 that
contains θ1, then |gj(θ1)−gj(θ)| < 1 for all θ in the arc (θ1−δ1, θ1 +δ1). Choosing
δ1 small enough we have that E ∩ (D1×R) ⊂ D1× (g1(θ1)− 21, g2(θ1) + 21) and
∂E ⊂ H2 − (D1 × R).
After that, we choose θ2 = θ1 +
δ1
2 , and find another δ2 such that if γ2 is the
geodesic joining the points θ2 − δ2, θ2 + δ2, and D2 is the region of H2\γ2 that
contains θ2, then |gj(θ2) − gj(θ)| < 1 for all θ in the arc (θ2 − δ2, θ2 + δ2),
E ∩ (D2 × R) ⊂ D2 × (g1(θ2)− 21, g2(θ2) + 21), and ∂E ⊂ H2 − (D2 × R).
Then continuing this process, we construct the sequences Di and θi. Note that,
since the functions gj are uniformly continuous we can choose all the δi > δ0, for
some δ0 > 0. As ∂∞H2 ≡ S1 is compact we can ensure that there exist finitely many
D1, . . . , Dn and θ1, . . . , θn such that
⋃
i ∂∞Di = ∂∞H2 and the claim is proved.
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Using Lemma 1, we can ensure that there exist an annulus, A1 that is contained
in the region D1×R and its boundary curves are one above {t = g2(θ1) + 21} and
the other below {t = g1(θ1)−21}. Considering λ small enough in Lemma 1 we can
rotate A1 with respect to the origin, keeping it inside D1 × R, until arrive to the
region (D1 ∩D2)× R. Observe that the boundaries of the annuli do not intersect
the surface E ∩ (D1 × R). Now apply the vertical translation
(x, y, t) 7→ (x, y, t+ (gj(θ2)− gj(θ1)))
to this annulus. The boundary components of the translated annulus are, one
above {t = g2(θ2) + 21} and the other below {t = g2(θ1) − 21}. Observe also
that the boundaries of the translated annuli do not intersect the surface since
|(gj(θ2) − gj(θ1))| < 1. We call this translated annulus A2. Note that by the
maximum principle the annulus A1 and all the translated copies must intersect the
surface E. Continuing this process we have a family of annuli Ai such that:
(1) Ai ⊂ Di × R,
(2) Ai ∩ E 6= ∅,
(3) ∂Ai ∩ E = ∅,
(4) all the annuli Ai are isometric and there is a smooth map
Hi : [0, 1]→ {A : A minimal annuli in S˜L2(R)} such thatHi(0) = Ai, Hi(1) =
Ai+1 and ∂Hi(t) ∩ E = ∅.
This shows that the region between the two entire minimal graphs is a generalized
slab region, see Definition 2. 
Remark 4. The proof is also valid when τ = 0. Note that in this case the estimate
can be replaced by pi −  using rotational catenoids in the argument. We have
shown here that this estimate is also valid when the two minimal graphs are not
necessarily horizontal minimal planes.
7. Jenkins-Serrin constructions
7.1. Twisted Scherk examples. In this section we follow the ideas developed
in [20] and show that a similar construction for properly embedded minimal surfaces
in H2 × R with finite total curvature works in the ambient space S˜L2(R). Such
surfaces also can be seen as solutions of an asymptotic Plateau problem for a specific
curve Γ composed of vertical straight lines in ∂∞H2 and horizontal geodesics in
H2 × {±∞}, see Figure 9. Consider the cylinder model for S˜L2(R). Let 0 be the
origin and denote by pq the geodesic joining the points p and q. Let θ1, . . . , θ2n+1,
n ≥ 1 ideal points in H2 ≡ D cyclically ordered. Consider Ω the polygonal domain
with edges 0θ1, θ1θ2, . . . , θ2nθ2n+1 and θ2n+10. Consider the Jenkins-Serrin problem
with boundary values +∞ over A1 = 0θ1 and over Ai+1 = θ2iθ2i+1 for i = 1, . . . n
and −∞ over Bi = θ2i−1, θ2i for i = 1, . . . , n and Bn+1 = θ2n+1, 0. This problem
has solution if and only if there exist horocycles Hi for each ideal point θi, i =
1, . . . , 2n+ 1 such that α(Ω) = β(Ω), 2α(P) < γ(P) and 2β(P) < γ(P), for all
polygonal domain P inscribed in Ω, where α(P) = ∑i |Ai∩P|, β(P) = ∑i |Bi∩P|,
γ(P) = |P| and | · | denote the hyperbolic length out of the elections of horocycles
Hi, see for instance [14, 16, 24]. Assume that the ideal points are distributed so
that the Jenkins-Serrin problem has a solution, and let Σ be the corresponding
graph.
Then, after consider the rotation by pi over the straight line {0} × R, we can
extend Σ to a complete minimal surface. This surface has asymptotic boundary
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an admissible polygon at infinity, i.e., a closed curve composed by 2n+ 1 geodesics
at H × {+∞}, 2n + 1 geodesics at H × {−∞} and 4n + 2 vertical straight lines
joining the ideal points of the geodesics in ∂∞H2 ×R, see Figure 9. By Theorem 8
in [9], these surfaces have finite total curvature. Moreover, if the angle at the origin
0 between the edges 0θ1 and θ2n+10 is less or equal than pi, then the surfaces are
embedded since they are the union of vertical minimal graphs that do no intersect
each other except of their common boundary.
Figure 9. The admissible polygon at infinity for n = 1.
7.2. Helicoidal Scherk examples. In this section we show that the same con-
struction in [21] for minimal surfaces in H2×R can be adapted to S˜L2(R). Consider
the cylinder model for the space S˜L2(R).
Let θ1 = 1, θ2 = e
ipi
2n , n ≥ 1 and 0 the origin. Let Ω be the region bounded by
the triangle with edges the geodesic arcs 0θ1, θ1θ2 and 0θ2. Consider the unique
solution to the Jenkins-Serrin problem with boundaries value 0 over 0θ1, +∞ over
θ1θ2 and h over 0θ2 for some h > 0, see for instance [14, 16]. As the reflections
over horizontal geodesics are isometries, by Schwartz reflection principle we can
consider successive symmetries over the horizontal geodesics, obtaining a simply
connected surface M˜nh with boundary the vertical straight line {0}×R. Then after
considering the rotation of angle pi over the straight line {0}×R we can extend M˜nh
to a complete minimal surface Mnh invariant by the vertical translation (0, 4nh)
and the screw motion obtained by composing the rotation of angle pin around 0 with
the vertical translation (0, 2h).
Proposition 5. Given n ≥ 1 and h > 0, the surface Mnh is a complete embedded
minimal surface in S˜L2(R) and it is non proper.
Proof. Let Ωi be the domain obtained by rotating Ω around the origin by an angle
pi
2n (i− 1), and let Ω˜i = Ωi×R, i = 1, . . . , 4n. We are going to prove that Mnh ∩ Ω˜1
has not self-intersections. We have that M˜nh ∩ Ω˜1 consists of a union of graphs
with boundary values:

4knh , over 0θ1
h+ 4knh , over 0θ2
+∞ , over θ1θ2
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with k ∈ Z. Then, we consider the other union of graphs obtained by the rotation
of angle pi over the straight line {0} × R, with boundary values:
2nh+ 4knh , over 0θ1
(2n+ 1)h+ 4knh , over 0θ2
+∞ , over θ1θ2
with k ∈ Z. Then we have that Mnh ∩ Ω˜1 consists of the fundamental piece and its
vertical translation by the vector k(0, 2nh), k ∈ Z. We get that Mnh ∩ Ω˜1 has no
self-intersections, and repeating the argument we have the same for Mnh ∩ Ω˜i. We
conclude that the surface Mnh is embedded. Note that Mnh ∩ Ω˜1 accumulates in
the vertical plane θ1θ2 × R, and then the surface Mnh is not proper.

We can also generalize this construction in the following way: Let θ1 = 1 and
θ2 = e
ipi
2n , let c be the shortest arc in ∂∞H joining θ1 and θ2, and qi, ...qm points in
the arc c cyclically ordered. Let Ω be the region bounded by the geodesics arcs 0θ1,
θ1q1,...,qiqi+q,...,qmθ2, θ20. Assume that Ω satisfies the Jenkins-Serrin conditions
with boundary values 0 over 0θ1, h over θ20 and alternating ±∞ over the rest of the
edges. Then after consider successive symmetries over the horizontal geodesics and
the vertical straight line {0} × R we obtain a simply connected complete minimal
surfaces embedded which is non proper.
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